We give an explicit solution of the Gambler's Ruin Problem when the players use two or more currencies. We also determine the asymptotics of the expected duration of the game when both players have equal amounts of each currency.
Introduction
In the one-dimensional Gambler's Ruin Problem two players start out with i and N ; i dollars, respectively. At each step they toss a fair coin to decide who wins a dollar from the opponent. The game is over when one of them goes bankrupt. It is well known that the expected duration of the game is i(N ; i) (see 2], or almost any other textbook on probability).
In the two-dimensional variant 4] the players use two di erent currencies, say dollars and euros. They start out with (i dollars, j euros) and (N ;i dollars, M ;j euros), respectively.
At each step they toss fair coins to decide the currency and the winner. The game is over when one of them runs out of either currency. What is the expected duration of the game? According to 4], no closed-form solution of this problem is known to exist, and probably doesn't exist. Denote by game(i j) the game with the rst player's initial assets equal to (i j). Assume that 1 i N ; 1 and 1 j M ; 1. Then after the rst step, game(i j) turns into one of game(i + 1 j ), game(i ; 1 j ), game(i j + 1), or game(i j ; 1) , each with probability 1 =4.
It follows that the expected duration a i j of game(i j) satis es the recurrence equation 
The unknown a i j 1 i N ; 1 Because of the obvious symmetries a i j = a N;i j = a i M;j = a N;i M;j , it su ces to compute a quarter of these numbersonly. Note however that in oating-point arithmetic, this computation is numerically unstable due to the coe cient 4 in front of a i j in (3) . In this paper we g i v e an explicit solution of the two-dimensional Gambler's Ruin Problem (Sec. 2) as well as of its obvious generalization to larger numbers of currencies (Sec. 3). Although our solution is not in closed form because it contains a double sum, it provides a direct way to compute the expected duration of the game without having to solve linear systems or use recursive computations. In Section 4 we express the middle element a N=2 N = 2 as a single sum when N is a power of two. In Section 5 we determine the asymptotics of the middle element a N=2 N = 2 : : : N = 2 (when N is even) for any numberof currencies.
Solution of the 2-dimensional problem
For the sake of simplicity we henceforth assume that M = N, but it is straightforward to generalize our results to the case M 6 = N. Let Indeed, let = diag( k ) be the diagonal matrix of the eigenvalues of D, and P the orthogonal matrix whose columns are the corresponding eigenvectors of D. Then D = P P T and P T P = I. Multiplying (4) with P T on the left and with P on the right gives B + B = R where B = P T AP, a n d R = ;4 P T J P :
so, using (5) and (6), the unknown matrix
can beexpressed explicitly in terms of and P. These, however, are well known, namely, This indicates the possibility t h a t a i j could be given in the form of a single sum. where D = P P T , P T P = I, and the elements of and P are given in (8) resp. (9). By induction on k it follows that G k = P k P T and b k = P(2I + k ) ;1 P T b. Hence from (17) a N=2 = P(I + 2 ;1 p ) ;1 P T b:
The remaining a j can now befound by back-substitution from the intermediate systems.
For the middle element a N=2 N=2 = a 2 p;1 2 p;1 we obtain from (19), (8) 
Some asymptotics
Clearly the expected duration of the game is largest when the initial assets of the two players in each currency are as close to each other as possible. Here we assume that N 1 = N 2 = = 2 n, and nd an asymptotic formula for the middle element a n n ::: n .
Theorem 1 The rst inequality follows from cos x > 1;x 2 =2 and sin x < x , the second from the fact that the Taylor coe cients of f(x y) = (sin 2 x + s i n 2 y) tan x tan y ; xy(x 2 + y 2 ) are nonnegative at x = y = 0 . 
